Abstract. The spaces of harmonic maps of the projective plane to the fourdimensional sphere are investigated in this paper by means of twistor lifts. It is shown that such spaces are empty in case of even harmonic degree. In case of harmonic degree less than 6 it was shown that such spaces are path-connected and an explicit parameterization of the canonical representatives was found.
Introduction
Let φ : M → N be a map between Riemannian manifolds. We define its energy by the formula
where dφ(x) is the differential of φ at the point x ∈ M ; and dx is the volume element of M . Euler-Lagrange operator τ (φ) = div(dφ) associated with the functional E is called a tension field of φ. The map φ : M → N is said to be harmonic if its tension field vanishes identically i.e. φ is a critical point of E.
Harmonic maps appear in mathematics in different ways, in the theory of minimal surfaces, spectral geometry and etc. For example, there are the following particular cases
• If dim M = 1, then the harmonic maps are the geodesics of N .
• If N = R, they are harmonic functions on M .
• If dim M = 2, they include parametric representations of the minimal surfaces of N ; the energy is the Dirichlet-Douglas integral.
As a result, there are many papers on the theory of the harmonic maps. This paper is based on the results of the famous works of E. Calabi [1, 2] , J. Barbosa [3] , R. L.
Bryant [4] , and essentially uses works of J. Bolton and L. M. Woodward [6, 7, 8] .
We use the following proposition and fundamental theorems.
Supported in part by the Simons Foundation. (E. Calabi [1] ). Let X : S 2 → R n be an immersion of a sphere S 2 into R n , whose image is a locally minimal surface in a sphere rS n−1 of radius r, and is not contained in any hyperplane of R n . Then the following conclusions hold.
(1) The area A = A(S 2 ) of the image sphere S 2 is an integer multiple of 2πr 2 .
(2) The dimension n is odd.
In this theorem one uses an assumption that the image of X : S 2 → R n is not contained in any hyperplane of R n . Such maps are called linearly full. It should be noted that if we induce metric on S 2 by X in the conditions of theorem 1.2, then X is an isometric immersion, and hence harmonic due to Proposition 1.1. J. Barbosa clarifies paragraph (1) of theorem 1.2 in the case of r = 1.
Theorem 1.3. (J. Barbosa [3]). The area of a generalized minimal immersion
The word generalized in this theorem means that the metric, induced on S 2 by X, may have conical singularities at isolated points. The number d, appearing in this theorem, is called a harmonic degree (or degree) of a harmonic map X. The case m = 2 has been investigated by R. L. Bryant in [4] using the construction of twistor fibration π : CP 3 → S 4 introduced in Section 2. In the following theorem horizontal means orthogonal to the fibers of π (see section §2).
Theorem 1.4. (R. L. Bryant [4]).
(1) Let ψ : S 2 → CP 3 be a linearly full horizontal holomorphic curve then φ = πψ : S 2 → S 4 is a linearly full harmonic map. Conversely every linearly full harmonic map φ : S 2 → S 4 is equal to ±πψ for some uniquely determined linearly full horizontal holomorphic curve ψ called the twistor lift of φ.
(2) Twistor lift of a linearly full harmonic map φ : S 2 → S 4 is a polynomial curve.
(3) Area of S 2 w.r.t. the metric induced by φ is equal to 4πd, and d is a degree of twistor lift.
This paper investigates harmonic maps φ : RP 2 → S 4 by using standard Riemannian double cover S 2 → RP 2 and twistor lifts to CP 3 of invariant harmonic maps S 2 → S 4 (i.e. harmonic maps that can be factorized through the double cover
. In this way we define harmonic degree of the map φ : RP 2 → S 4 as a degree of its liftφ : S 2 → S 4 under double cover.
The twistor fibration
We introduce the construction of the twistor fibration π :
a left quaternionic vector space, then π is obtained by composing the Hopf map
with the canonical identification of HP 1 and S 4 ⊂ H ⊕ R = R 5 given by the stereographic projection from the south pole of S 4 onto the equatorial hyperplane
. This identification is given by
Hence, we obtain an explicit formula for the twistor fibration
If CP 3 is endowed with the Fubini-Study metric of constant holomorphic sectional curvature 1 then π is a Riemannian submersion and the horizontal distribution on CP 3 consists of those tangent vectors to CP 3 which are orthogonal to the fibres of π. 
Then the projectivization P Sp(2; C) of the complexified symplectic group Sp(2; C) = {A ∈ SL(4; C)|A t JA = J} acts on CP 3 in the standard way as the group of holomorphic diffeomorphisms, which preserve the horizontal distribution, with P Sp(2) = P Sp(2; C) ∩ P U (4) the subgroup of holomorphic isometries which preserve the horizontal distribution [7] .
It should be noted that all of these groups act transitively on CP 3 and Sp(2) and hence P Sp(2) are path-connected [10] . It should be noted also that the elements of Sp(2) are matrices (u, Jū, v, Jv) such that u, v are unit vectors in C 4 , and v unitarily orthogonal to u and Jū.
Let S be a Riemann surface and ψ : S → CP 3 be a holomorphic curve. Then ψ is horizontal if at each point it is tangent to the horizontal distribution on CP 3 , or equivalently if it intersects each fiber of π orthogonally. It was proved in [4] that the condition for a holomorphic curve
where ( , ) denotes the complex bilinear extension to C 4 of the standard real scalar product on R 4 . The horizontality condition may be written as
Here and throughout the rest of the paper we write holomorphic curves ψ : S → CP n locally in terms of a local complex coordinate z in the form
, where f 1 , ..., f n+1 are holomorphic functions of z without common zeros. We will call such a representation a reduced form of ψ.
Higher singularities for horizontal holomorphic curves
Let us recall the definition of singularity type of holomorphic curves in CP n [6] . Let S be a Riemann surface and suppose that ψ : S → CP n is a linearly full holomorphic curve. We write ψ locally in reduced form
and let f (j) denote the j-th derivative of f with respect to z. For each k = 0, . . . , n−1
. A higher singularity of ψ is a point p ∈ S where the derivative of k-th osculating curve is equal to zero for some k = 0, . . . , n − 1. The set Z(ψ) of higher singularities of ψ is therefore given by
If z is a local complex coordinate with z(p) = 0, then f can be written in the normal form
for some suitable choice of basis a 0 , . . . , a n of C n+1 , non-negative integers r 0 (p), . . . , r n−1 (p), and holomorphic functions h 0 (z), . . . , h n (z), each non-zero at z = 0. If r k (p) > 0 then the derivative of the k-th osculating curve has a zero of order r k (p) at p and the singularity type of ψ is defined to be the set
Lemma 3.1.
[6] Let g ∈ P GL(n + 1; C) and ω be a conformal diffeomorphism of
We now give a criterion for determining the higher singularities of a linearly full horizontal holomorphic curve ψ : S → CP 3 .
Lemma 3.2.
[6] Let ψ : S → CP 3 be a linearly full horizontal holomorphic curve written locally in terms of a complex coordinate z in the reduced form as
. Then z = a is a higher singularity of ψ if and only if
or equivalently, (f , Jf )(a) = 0.
For a linearly full holomorphic curve ψ : S 2 → CP n and k = 0, . . . , n − 1 we define
Proposition 3.3. Let ψ : S 2 → CP 3 be a linearly full horizontal holomorphic curve and p ∈ S 2 . Then r 0 (p) = r 2 (p) and
where d is the degree of ψ.
Proofs of the lemmas and proposition of this section can be found in [6] .
A canonical form
Due to theorem 1.4, the twistor lift of linearly full harmonic map φ : S 2 → S 4 and the fact that it is a polynomial curve, gives us a good opportunity for investigating harmonic maps. Namely, let HHol denote the set of linearly full harmonic maps of S 2 to S 4 with induced area 4πd.
which can be interchanged by the antipodal involution of S 4 , and there is a bijective
2 is a branch point of ψ if and only if r 0 (p) > 0 while as is shown in Section 7 of [7] , if r 0 (p) = 0 then p is an umbilic of ψ if and only if r 1 (p) > 0.
Further, it follows from work [11] that the branch points and umbilics of φ coincide with those of ψ. Thus the higher singularities of ψ occur at the branch points or umbilics of φ.
It is clear that the group P Sp(2) acts freely on HHol 
, and we identify its projectivisation P (V ) with the space of linearly full holomorphic maps of degree d from S 2 to CP 3 in the usual way via
Here, and subsequently, we use the complex coordinate on S 2 defined by stereographic projection from the south pole of S 2 onto the equatorial plane so that, in the usual sense, we may identify S 2 with C ∪ {∞}. Through this identification antipodal involution interchanges z and
4 with its natural topology as a vector space, and
. Subsets of any of these spaces are then endowed with the induced topology. We denote by V H ⊂ V the subset of horizontal maps. Next we
give Harm
the compact-open topology and rewrite a lemma from [8] .
, and the maps π
For convenience, we introduce coefficient matrix (or matrix ) of a holomorphic curve
It is given by
t and also that f (z) is linearly full if the coefficient matrix F has a full rank.
, acts on coefficient matrix F by the left multiplication (i.e.
F → AF ). Also, as noted earlier, the group P SU (2) ∼ = SO(3) acts on S 2 as a group of rotations. This action defines an action of P SU (2) on RP 2 since it preserves the antipodal points. It should be noted that the group P SU (2) is path-connected [10] .
In the following sections we will investigate linearly full harmonic maps of S 2 to S 4 of degrees d = 3, 4, 5 and 6, which are the lifts of harmonic maps of RP 2 to S 4 through the double cover, i.e. maps invariant w.r.t. the antipodal map (we will call them invariant maps for brevity). Let AHarm
denote the space of invariant linearly full harmonic maps of S 2 to S 4 of degree
. And let us denote the twistor lifts of this spaces as AHHol
. Our main idea is the deformation of elements of AHarm
to some canonical form by the action by some appropriate elements of P SU (2) and P Sp (2) . Note that these groups act continuously on AHHol 
Harmonic maps of arbitrary degree
In this section we will exclude the condition of antipodal invariance by finding the general form of invariant maps. In this way we will need some addition to theorem 1.4.
Letψ : S 2 → CP 3 be a linearly full horizontal antiholomorphic curve then φ = πψ : S 2 → S 4 is a linearly full harmonic map. Conversely every linearly full harmonic map φ : S 2 → S 4 is equal to ±πψ for some uniquely determined linearly full horizontal antiholomorphic curveψ called the antiholomorphic twistor lift of φ.
Theorem 5.2. There is no harmonic maps of real projective plane to the fourdimensional sphere of even degree, i.e. spaces AHarm LF n (S 4 ) are empty for even n.
Proof. Let us suppose that such maps exist. Then for each map φ ∈ AHarm LF n (S 4 )
we will compose its twistor lift 
for some function g(z) on S 2 . Now we will prove that g(z) is a holomorphic function.
From (5.1) we have
It is clear thatf i (z) (i = 1, 2, 3, 4) are polynomials of z of degree less or equal to n, so they are holomorphic functions on C. At the same time f i (z) (i = 1, 2, 3, 4) don't have common roots and therefore g(z) is holomorphic on C. By the definition there is polynomial of degree n among f i (z) (i = 1, 2, 3, 4) and from (5.2) we conclude that g(z) is holomorphic at ∞. Thus g(z) is the holomorphic function on S 2 and
Considering (5.2) we can write
From these relations we can conclude for leading coefficients a n i = (−1) n+1 |β| 2 a n i and since n is even a n i = −|β| 2 a n i . But it can only be when a n i = 0 (i = 1, 2, 3, 4) and thus the degree of the curve is less than n. So we have a contradiction which proves this theorem.
Remark 5.3. In case of odd n we have a n i = |β| 2 a n i for leading coefficients, therefore |β| = 1 and β = exp(iβ) for someβ ∈ R. In this way any curve of odd degree is of the form
Note that if we act on the curve by rotation ω(z) = exp(−iβ n )z, we get the curve with β = 1. (Note also that this rotation leaves points 0 and ∞ unchanged). Thus any curve of odd degree can be rotated to a curve of form
We need following usefull lemma in next sections. Proof. First, the transitivity of the action of P Sp(2) on CP 3 allows us to change the first column to the announced form. Next, we notice that the elements of Sp (2) that preserve the vector (1, 0, 0, 0) t have the form
and, since we have a matrix from U (2) in the right bottom corner, we can eliminate the last term of the second column. Other two zeros in the second row is due to the horizontality condition (2.3). Finally, we get zeros in the right side of the coefficient matrix due to Remark 5.3.
Spaces of linearly full harmonic maps of degree less than 6
In previous sections we have shown that there is no linearly full harmonic map of RP 2 to S 4 of even degree. Also it is clear (due to Theorem 1.3) that there are no linearly full maps of degree less than 3. Let us describe the spaces of such maps of degree 3 and 5. Here we have the following results.
Theorem 6.1. Every linearly full horizontal holomorphic curve ψ ∈ AHHol
can be reduced by the action of appropriate elements g ∈ P Sp(2) and ω ∈ P SU (2)
to the canonical form
Proof. Using lemma 5. Proof. Follows from theorem 6.1, lemma 4.1 and path-connectedness and continuity of actions of P Sp(2) and P SU (2).
Thus, the spaces of linearly full harmonic maps of RP 2 to S 4 of area 6π in the induced metric have two path-connected components AHarm by the action of appropriate elements g ∈ P Sp(2) and ω ∈ P SU (2) can be reduced to the canonical form
Proof. First, we can conclude from equation (3.2) that such curves have four higher singularities. Certainly, they are two pairs of antipodal points. We choose one of these points and rotate it to 0 by an appropriate element of P SU (2). Next, using Using equation (3.1) and taking into account (6.1), we get the equation of higher singularities
Since we have higher singularity at 0, we get µν = 0. Then the first equation of (6.1) implies follows p = 0. Let us suppose that µ = 0, then the second equation of (6.1) implies q = 0, but this contradicts last equation of (6.1). Thus, we have ν = 0. The next step is transforming non-zero coefficients into the reals. Let q =qe ix , then using multiplication by e
and actions of ω(z) = exp(−ix)z,
, 1, 1} we get q ∈ R. Further, we use the action of
, e iArg(µ) } and get µ ∈ R. We conclude from the second equation of (6.1) that also η ∈ R. So, we have the coefficient matrix with real coefficients. The solutions of these equations are
This pair of families of the solutions can be interchanged by multiplication on i and actions of ω(z) = −z, g = diag{i, −i, i, −i}. This completes the proof. Hence the space of linearly full harmonic maps of RP 2 to S 4 of area 10π in the induced metric has two path-connected components AHarm 
which is continuous by Remark 6.5.
One can ask "What about area? Why it discontinuously decreases?" The answer for this question is that we have a bubbling fenomenon. We will find the weak limit of the sequence of conformal factors of metrics induced on RP 2 to see it. In fact, the bubble occur right at the converging point of higher singularities. For this reason we need some more appropriate parameterization in which pair of higher singularities is real, symmetric with respect to zero and converges to zero. Same calculations as in the proof of theorem 6.3 give us following 1-parametric family
with n = 3 Let us look at the limit when m tends to +∞. In this parameterization
is of the third degree.
It is well known fact that there is just one conformal class of metrics on S 2 and on RP 2 . This fact allows us to compute a conformal factor h(z) of each induced metric with respect to the canonical metric on S 2 of area 4π (g ind = h(z)g can ). Let us apply both induced and canonical metrics to the reification X of the vector field √ 2 ∂ ∂z and find
The canonical metric on S 2 in terms of isothermal coordinate
We endowed CP 3 with the Fubini-Study
which has a reificationg F S = Re g F S . It is easy to check that
for any holomorphic vector field Ξ. It suffices now to computeg F S ((Ψ 5 m ) * X, (Ψ 5 m ) * X) = g ind;m (X, X) for finding the denominator of equation (6.4) . Indeed, twistor fibration is a Riemannian submersion and Ψ 5 m is orthogonal to the fibers as it mentioned before. We havẽ Proof. First, we find out that |Ψ First, we note that´2
and thus
This means that we have here the bubbling fenomenon, i.e. the "bubble" of area 4π is growing at the point 0 whilst the metric on RP 2 converges to canonical metric of area 6π. The word "bubble" means S 2 with canonical metric. And actually, we observe that area preserved.
7.
Linearly full harmonic maps of the two-dimensional sphere to the four-dimensional sphere of degree less than 6.
In this section we summarize known results for linearly full harmonic maps S 2 → S 4 of degree less than 6. In this case we have groups P Sp(2, C) and P SL(2, C)
acting on the spaces HHol spectively. Note that these groups are path-connected [10] . For the beginning we provide a usefull lemma from [6] . can be reduced by the action of appropriate elements g ∈ P Sp(2, C) and ω ∈ P SL(2, C) to the canonical formΨ
Proof. Using lemma 5.4 we get coefficient matrix of form
Next, we use lemma 7.1 several times. After the each time, we rename all non-zero coefficients as they were before. So, our sequence of transformation matrices from lemma 7.1 is following We have the following. Proof. follows from theorem 7.2, lemma 4.1 and path-connectedness and continuity of actions of P Sp(2, C) and P SL(2, C).
Here we see that the canonical formΨ 3 (z) for S 2 is equal to the canonical form
We continue with the case of degree 4. We conclude from equation (3. 2) that such maps can have either 1 or 2 higher singularities. We will see later that case of one higher singularity is impossible. In fact we have following. can be reduced by the action of appropriate elements g ∈ P Sp(2, C) and ω ∈ P SL(2, C) to the canonical formΨ Proof. We move one of the higher singularities to zero using an appropriate element ms, s 2 = 2. So s = ± √ 2 and these two cases can be interchanged by g = diag{1, 1, −1, −1}. We choose s = √ 2, then m = 3 / √ 2a. Now let x = arg(a), then using multiplication by e i2x and actions of g = {e −i2x , e i2x , e −ix , e ix }, ω(z) = e −ix z we get a ∈ R. This completes the proof.
Remark 7.5. In this theorem we see that the canonical formΨ Equation equation (3.1) describing the higher singularities for these curves is z(az + 2) = 0, therefore second singularity is at the point z 0 = − 2 a . Note that second singularity forΨ 4 0 (z) is at infinity. On the other hand, if we want to move second singularity to zero, we must move a to infinity, but then degree of the curve is decreasing to 0. So we conclude that such curves can not have one higher singularity.
Therefore, in fact, we can deform every curve of degree 4 toΨ 4 0 (z) by some element g ∈ P Sp(2, C) and Moebius transformation ω ∈ P SL(2, C) which moves higher singularities to the points 0 and ∞. In fact, we have here a bubbling fenomenon too.
But an a-parametric family of curves degenerates to the point where the bubble grows as "a" tends to ∞. In other words, the whole area of a-parametric family flows off to the area of the bubble.
This remark immediately leads us to the following. Proof. Follows from theorem 7.4, lemma 4.1, remark 7.5 and path-connectedness and continuity of actions of P Sp(2, C) and P SL(2, C).
Note that canonical forms for cases of dergees 3 and 4 coincide with the following theorem from [6] .
